AD=A087 860  WASHINGTON UNIV SEATTLE DEPT OF MATHEMATICS F/6 1271
HOW MANY STEPS?(U)

JUN so V KLEE 00014=6T=A=
UNCLASSIFIED YR-70 N 7-A=0103-0003

l o |
’ 9-80




y +
!
O <l- . _HOW MANY STEPS?
— } - — -
b By , L.t, s - "(
f]f/ s /’ ;
w // - Sy . . Y
& L VICTOR/KLEE ' | T
[ = ==
! j
(e
<
coubrac NO0014-67-A-0103-008.3,
NO0014-76-C-0423
Project Number NRO44 353
Gy
oy ]
Department of Mathematics
University of Washington e o
e LT
Seattle, Washington 98195 .A7:7;::T7m*‘“f '?w“ﬂ¢Aus \ ;
e : ‘
"
This research was supported in part by the Office of Naval Research. 4

Reproduction in whole or part is permitted for any purpose of the United
States Government.




Unclassified

Secunty Classification

DOCUMENT CONTROL DATA-R&D

eNcvarrey ches selocutenn of itde, Doy Gl ke teae bt andde v o obation st b vateeed whien e overall separt i o b sptred)

. PROJECTYT NO

tOHIGINATING ACTIVEY Y (Cotporate authar) Ja. HEPPORT SECUNITY CLASSIEIC ATION
Unclassified

University of Washington b croun

¥ REPORY nvLé
HOW MANY STEPS?
4 DESCRIPYIVE NOTES (Type of report and, inclusive dates)
Technical

% AUTHORS! (First name, middle ininal, last name)

Victor Klee
& REPORTY DATE A, TOTAL NO OF PAGES 1h. NO OF REFS

June 1980 7 5
88 CONTRACTY OR GRANT NO 9n. ORIGINATOR'S REFORT NUMBE R(S)

N0OOO14 - 67~ A - 0103 -0003 Technical Report No. 70 v

NR 041 353

5

S OVTHER REPORT NOIS) (Any other numbers that moy be ansegned
this report)

DISTRIBUTION STATEMENT

Releasable without limitations on dissiﬁ

! ¢
s
JSt”bu‘lonjﬂ unlio a2 e
SUFPPLEMENTARY NOTES 12 SEONSOIING MIL T T milly ‘,

ABSTRAGY
'
i

U Due in considerable measure to its connection with linear programming, the
combinatorial study of convex polytopes has progressed greatly in the past
twenty-five years and many outstanding problems have been solved. However, the
d-step conjecture, first formulated by W. M. Hirsch in 1957, remains unsettled.

Both for its intrinsic interest and for its relationship to questions of computati-
onal complexity, it is probably the most important open problem on the combinatorial
struckure of polytopes. This report presents several equivalent forms of the

d-step conjecture. Some deal explicitly with edge-paths on polytopes, one involves

matrix pivot operations, and one concerns an exchange process for simplicial

bases. ,},
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HOW MANY STEPS?

Victor Klee

Stimulated since the early 1950's by its relationship to linear
programming and more recently by other connections with computational questions,
the combinatorial study of convex polytopes has advanced greatly in the last
twenty-five years. For an overview the reader may skim successively the survey
articles or books of Klee 1966 [14], GruUnbaum 1967 [8], Grlinbaum and Shephard
1969 [11], GrUnbaum 1970 [9], McMullen and Shephard 1971 [21], Griinbaum 1975 [10],
Klee 1975 {15] and Barnette 1978 [3] — and then read the recent proofs by

Billera and Lee {4] and Stanley [23] of an important 1971 conjecture of McMullen
[20].

The d-step conjecture was first formulated by W. M. Hirsch in 1957
(see Dantzig [5,6]), and despite progress on many other fronts it remains
unsettled. Because of intrinsic interest and connections with questions of
computational complexity, and because solutions may well require the development
of deep new methods, the d~step conjecture and its relatives are probably the
most important open problems on the combinatorial structure of convex polytopes.
The present note, which is extracted from a longer article in preparation, states
several equivalent forms of the d-step conjecture. Some deal explicitly with
edge-paths on polytopes, one involves matrix pivot operations, and one concerns

an exchange process for simplicial bases.

Suppose that X is the nonnegative orthant R: in real d-space Rd, x

is the point (0,0,...,0), x' 4is the point (1,1,...,1), and X' = x' - nﬁ. s
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translate of the nonpositive orthant - Ri. Then

(a) X and X' are affine orthants with respective vertices x ¢ int X'
and x' ¢ int X, and
(b) the intersection P = X n X' is bounded.

One form of the d-step conjecture asserts that whenever conditions (a) and

(b) are satisfied the vertices x and x' of the polytope P can be joined

by a path formed from at most d edges of P. That is certainly true in the

example, for there P is the unit cube [0, lld. However, even when (a) and
(b) are augmented by the requirement that P 1is simple (each vertex incident
to precisely d edges), there are many other possibilities for P. In particular,
the possible number of vertices then ranges from d2 -d+ 2 to 4 (3k;l when
3k+1

d =2k and to 2\ k ) when d = 2k + 1.

The d-polytopes of the above form X n X' have precisely 2d facets
(faces of dimension d-1). Hence a formal strengthening of the above conjecture
is the conjecture that A(d, 2d) = d, where A(d, n) denotes the maximum
diameter of d-polytopes P with n facets. (That is, A(d, n) is the smallest

integer k such that any two vertices x and x' of such a P can be

joined by a path formed from at most k edges of P.) A further formal

>

strengthening is the conjecture that A(d,n) < n-d. However, it was proved by
Klee and Walkup [17] that these conjectures are all equivalent, though not
necessarily on a dimension-for-dimension bases. Another equivalent conjecture

is that any two vertices of a simple polytope can be joined by a path that does

not revisit any facet [17]. ;

Turning now to matrix pivot operations, we note that the d-step conjecture

il

is equivalent to the following:
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If the real d x (2d + 1) matrices A= (I, B, ¢c) and A' = (B',I,c') are

row-equivalent where d 22, I is the d x d identity matrix, and the columns

¢ and c¢' are >0, and if the polyhedron

P= {x¢ Rid: (I,B)x = c}

is bounded, then it is possible to pass from A to A' by a sequence of < d

feasible pivots followed if necessary by a permutation of rows.

Here a pivot, as applied to an mx(n+l) matrix S = (sij)’ is the operation

of choosing (i,j) with j <n and # 0, then dividing the 1th row of S

sij
by sij so as to obtain 1 in position (i,j), and finally subtracting appro-
priate multiples of the ith row from other rows so as to obtain O in all
positions (h,j) for h # i. A pivot is feasible if the last column of the
matrix is nonnegative both before and after the pivot.

0f the several forms of the d-step conjecture presented here, this is
closest to Hirsch's original form [5, pp. 160 and 168} and most closely related

to linear programming methods. In the example below, d = 2 and the pairs

(i,3) wunder the arrows indicate the positions of the pivot entries.

1 0 2 -1 2 1/2 0 1 ~1/2 1 2/3 1/3 1 0 2
—_— —
1,3) (2,4) |
0 1-1 2 2 1/2 1. 0 3/2 3 1/3 2/3 0 1 2 Jﬂ
1 B C B' 1 ' '

Aset Bc Rd-l is a simplicial basis (also called a minimum positive E




basis) for Rq-l if it is the vertex-set of a (d-1) - simplex whose interior

includes the origin. Equivalently, B 1is affinely independent, is of
cardinality d, and the origin 0 1is a strictly positive combination of the
points of B. Another equivalent form of the d-step conjecture is reminiscent
of the exchange process used to show all linear bases of a vector space are of
the same cardinality. It is as follows:

If B and B' are disjoint simplicial bases of gd-1 and the union U =B v B'

is a Haar set (every set of d-1 points of U is linearly independent),

then there is a sequence B = B, Biseees B = B' of simplicial bases such that
for 1 <1 <d, Bi 1is obtained from Bi—l by replacing a point of Bi-l with
a point of U ~ Bi—l'
In the example below, d = 3 and 0 < € <1, The rows represent pointgof Bi'

1 0 1 0 1 1-€ 1 1-€

0 1 —— o 1 —ly 0 1 ——ly -1 -t

-1 -1 - -1 - -1 - -1
B =B B B B, = Bl
o 1 2 3

As evidence in favor of the d-step conjecture, one might consider the facts
that it is obvious when d ¢ {2,3}, 4s easily proved when d = 4 ([13], and
has been proved for d = 5 [15]. 1In fact, the result for d = 5 has been
extended by Adler and Dantzig [l] to a much more general class of combinatorial
structures. Also, the conjecture has been proved, for arbitrary d, for %
polytopes arising from certain sorts of linear programs (see [15) for i
references, and see especially Provan and Billera [22]). - 3

As evidence against the dJd-step conjecture, we note that when stated without

the boundedness condition (b), it is correct when d ¢ {2,3] but not when




d =4 [17]. Other strengthened forms of the conjecture have been disproved by

Walkup [25], Mani and Walkup [19], and Todd [24].

It seems likely that the conjectue is false for d = 12 and perhaps even
for d = 6. if that is so, what can be said about the asymptotic behavior
of A(d,2d) as d +« ? Does A(d,2d) increase linearly with d? (The known
counterexamples [19, 24, 25] to strengthened forms of the conjecture seem to
be only "linearly bad".) Quadratically? Polynomially? Exponentially?
Any of these conclusions would be of great interest. If it could be shown that
A(d,2d) 1is bounded above by a polynomial in d, the resulting insight might
lead to a new pivot rule for the simplex method of linear programming which
would combine the practical advantages of Dantzig's pivot rule with the
theoretical advantages of the Shor-Khachian algorithm. (Dantzig's algorithm
is excellent in the practical sense {5,7], but its worst-case behavior is
exponentially bad {16]. The Shor-Khachian algorithm is 'good" in the sense of
being polynomially bounded [12], but is not a useful practical tool in its
present form [7].) If it could be shown that A(d,2d) increases exponentially
with d, that would indicate a strong limitation on the worst-case efficiency
of any edge-following algorithm for linear programming.

Though sharper results are known for a few small values of d and n-d,
(see [15] for references) the best general bounds on A(d,n) are the following,

due respectively to Adler [l1) and Larman [18]):

l(n-d) - L;;délj +1 < (d,n) € 297

d-34. -

In particular, d s A(d,2d) s 2




(1]

[2]

(3]

[4]

(5]

(6]

[7}

(81

9]

(10]

(11]

f12]

(13]

{14}

[15]

REFERENCES

I. Adler, Lower bounds for maximum diameters of polytopes. Math. Programming

Study 1 (1974) 11-19.

I. Adler and G. B. Dantzig, Maximum diameter of abstract polytopes. Math.
Programming Study 1 (1974) 20-40.

D. W. Barnette, Path problems and extremal problems for convex polytopes.
Relations between Combinatorics and Other Parts of Mathematics (D.K. Ray
Chaudhuri, ed.). Amer. Math. Soc. Proc. Symp. Pure Math 34 (1979) 25-34.

L. Billera and C. Lee, Sufficiency of McMullen's conditions for f-vectors
of simplicial polytopes. To appear.

G. B. Dantzig, Linear Programming and Extensions. Princeton Univ. Press
Princeton, N.J. 1963.

G. B. Dantzig, Eight unsolved problems from mathematical programming.
Bull. Amer. Math. Soc. 70 (1964) 499-500.

G. B. Dantzig, Comments on Khachian's algorithm for linear programming
Tec. Report SOL 79-22. Dept. of Operations Research, Stanford Univ., 1979

B. Grilnbaum, Convex Polytopes. Pure and Appl. Math., vol. 16, Interscience,
New York, 1967.

B. Grinbaum, Polytopes, graphs and complexes. Bull. Amer. Math. Soc.
76 (1970) 1131-1201.

B. Grlinbaum, Polytopal graphs. Studies in Graph Theory, Part II (D.R.
Fulkerson, ed.). Math. Assoc. Amer. Studies im Math. 12 (1975) 201-224.

B. Grinbaum and G. C. Shephard, Convex polytopes. Bull London Math.
Soc. 1 (1969) 257-300.

L. G. Khachian, A polynomial algorithm in linear programming. Soviet
Math. Doklady 20(1979) 191-194. (Translated from Dokl. Akad. Nauk SSSR
244 (1979) 1093-1096.)

V. Klee, Diameters of polyhedral graphs. Canad. J. Math. 16 (1964)
602-614.

V. Klee, Convex polytopes and linear programming. Proc. IBM Sci. Comput.
Sympos, Combinatorial Problems (Yorktown Heights, N.Y. 1964), IBM Data
Procesgrbivision, White Plains, N.Y. 1966, pp. 123-158.

V. Klee, Convex polyhedra and mathematical programming. Proc. International
Congress of Mathematicians (Vancouver, Canada, 1974), Canadian Math.
Congress, 1975, pp. 485-490.

e

. r5 :

A SAAPRNI N IR V< 5 T e R e Ty T,

oy

TS o RO

el

R Y e,

A T AR T R,




Reference

Page two

{16] V. Klee and G. J. Minty, How good is the simplex algorithm? Inequalities
IIT (0. Shisha, ed.), Academic Press, N.Y., 1972, pp. 159-175.

117] V. Klee and D. W. Walkup, The d-step conjecture for polyhedra of dimension
d € 6. Acta Math. 117 (1967) 53-78.

[18] D. G. Larman, Paths on polytopes. Proc. London Math. Soc. (3) 20(1970)
161-178.

[19] P. Mani and D. W. Walkup, A 3-sphere counterexample to the W -path
conjecture. Math. of Operations Res. To appear. v

[20] P. Mc. Mullen, The numbers of faces of simplicial polytopes. Israel
J. Math. 9 (1971) 559-570.

[21] P. McMullen and G. C. Shephard, Convex Polytopes and the Upper Bound Con-
jecture. London Math. Soc. Lecture Note Series, 3, Cambridge Univ. Press,
London, 1971.

[22] J. S. Provan and L. J. Billera, Decompositions of simplicial complexes
related to diameters of convex polyhedra. Math. of Operations Res. To appear.

{23] R. Stanley, The number of faces of a simplicial convex polytope. To appear.

{24] M. J. Todd, The mononotic bounded Hirsch conjecture is false for dimension
at least 4, Math. of Operations Res. To appear.

[25] D. W. Walkup, The Hirsch conjecture fails for triangulated 27 - spheres.

Math. of Operations Res. 3(1978) 224-230.




